Abstract. We classify Q-Fano threefolds of Fano index > 2 and big degree.
Introduction
This work is a sequel to our previous papers [Pro07] , [Pro10] . Recall that a three-dimensional projective variety X is called Q-Fano threefold if it has only terminal Q-factorial singularities, Pic(X) ≃ Z, and its anticanonical divisor −K X is ample. In this situation we define Fano-Weil and Q-Fano indices as follows: qW(X) := max{q ∈ Z | −K X ∼ qA, A is a Weil divisor}, qQ(X) := max{q ∈ Z | −K X ∼ Q qA, A is a Weil divisor}, where ∼ (resp. ∼ Q ) denotes linear (resp. numerical) equivalence. Clearly, qW(X) divides qQ(X). Another important invariant of a Fano variety X is the genus g(X) := dim | − K X | − 1. It is known that (1.1.1) qW(X), qQ(X) ∈ {1, . . . , 11, 13, 17, 19}
(see [Suz04] , [Pro10, Lemma 3.3] ). Moreover, in [Pro10] we proved the following result.
1.2. Theorem. Let X be a Q-Fano threefold with q := qQ(X) ≥ 9. Then q = qW(X) and Cl(X) ≃ Z.
(i) If q = 19, then X ≃ P(3, 4, 5, 7).
(ii) If q = 17, then X ≃ P(2, 3, 5, 7).
(iii) If q = 13 and g(X) > 4, then X ≃ P(1, 3, 4, 5).
(iv) If q = 11 and g(X) > 10, then X ≃ P(1, 2, 3, 5).
(v) q = 10.
In this paper we study Q-Fano threefolds with 3 ≤ qQ(X) ≤ 9 and "sufficiently big" genus. Our main result is the following.
1.3. Theorem. Let X be a Q-Fano threefold and let q := qQ(X).
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(i) If q = 9 and g(X) > 4, then g(X) = 18. In this case, X ≃ X 6 ⊂ P(1, 2, 3, 4, 5) and the equation of X 6 , in suitable coordinates, can be written as x 1 x 5 + x 2 x 4 + x 2 3 = 0. (ii) If q = 8 and g(X) > 10, then either (a) X ≃ X 6 ⊂ P(1, 2, 3 2 , 5) and the equation of X 6 , in suitable coordinates, can be written as x 1 x 5 + x 3 x ′ 3 + x 3 2 = 0, or (b) X ≃ X 10 ⊂ P(1, 2, 3, 5, 7). (iii) If q = 7 and g(X) > 17, then X ≃ P(1 2 , 2, 3). (iv) If q = 6 and g(X) > 15, then X ≃ X 6 ⊂ P(1 2 , 2, 3, 5) and the equation of X 6 , in suitable coordinates, can be written as x (v) If q = 5 and g(X) > 18, then X ≃ P(1 3 , 2) or X 4 ⊂ P(1 2 , 2 2 , 3). (vi) If q = 4 and g(X) > 21, then X ≃ P 3 or X 4 ⊂ P(1 3 , 2, 3). (vii) If q = 3 and g(X) > 20, then X ≃ X 2 ⊂ P 4 or X 3 ⊂ P(1 4 , 2).
The following consequence of our theorem was inspired by discussions with Jürgen Hausen.
1.4. Corollary. Let X q be the class of all Q-Fano threefolds X with qQ(X) = q ≥ 3 and let X q ∈ X q be a Q-Fano threefold of maximal genus g(X). Then X q admits an effective action of a torus of dimension ≥ 2.
In proofs we use a computer computation based on the orbifold RiemannRoch theorem and Bogomolov-Miyaoka inequality. It gives us 472 possible candidates of Hilbert series of Q-Fano threefolds with qQ(X) = qW(X) ≥ 3. The most essential part of the paper is to disprove some cases or to show that some particular Q-Fano threefold is isomorphic to a certain hypersurface in a weighted projective space. Here we use techniques which is a generalization of Fano-Iskovskikh "double projection" method. It was adopted to the singular case by Alexeev [Ale94] (see also [Pro07] , [Pro10] ). The method can be applied in many other cases. For example we prove the following.
1.5. Theorem. Let X be a Q-Fano threefold.
(i) If qQ(X) = 7, g(X) = 17, and −K 3 X = 7 3 /10, then X ≃ X 6 ⊂ P(1, 2 2 , 3, 5). (ii) The case qQ(X) = 8, g(X) = 10, and −K 3 X = 8 3 · 2/45 does not occur.
Note however that typically our method works for Fano threefolds having sufficiently many anticanonical sections. For another approaches we refer to [RS03] , [BKR10] .
The progress in the classification of Q-Fano threefolds of Fano index ≥ 3 is summarized in the following table (for simplicity we assume here that the group Cl(X) is torsion free):
X d ⊂ P(a 1 , . . . , a n ) is a hypersurface of weighted degree d.
2.2.
We will use systematically a computer computation based on the orbifold Riemann-Rich theorem [Rei87] and Bogomolov-Miyaoka inequality (see [Kaw92] ). The algorithm is explained in [BS07] and [Pro10, Proof of Lemma 3.5]. It allows us to find all possible baskets and Hilbert series of Q-Fano threefolds with qQ(X) = qW(X) ≥ 3. The corresponding computer programs can be found in the Graded Ring Database [GRD] (MAGMA code) or on author's homepage [Pro] (PARI code). Note that we may assume that −K 3 X ≤ 125/2 and the equality holds only for X ≃ P(1 3 , 2) [Pro07] .
To apply 2.2 we typically have to show that the group Cl(X) is torsion free. This can be done by using the following. 2.4. Construction. We use notation of [Pro10] . Let X be a Q-Fano threefold and let A be an ample Weil divisor whose class generates the group Cl(X)/∼ Q . Thus we have −K X ∼ Q qA.
In the construction below we follow [Ale94] . All the facts are explained in [Pro10] , so basically we omit proofs. Let M be a mobile linear system without fixed components and let c := ct(X, M ) be the canonical threshold of (X, M ). So the pair (X, cM ) is canonical but not terminal. Assume that −(K X + cM ) is ample. Let f :X → X be a K + cM -crepant blowup in the Mori category so thatX has only terminal Q-factorial singularities, ρ(X/X) = 1, and (2.4.1) KX + cM = f * (K X + cM ).
Here the exceptional locus E ⊂X is an irreducible divisor. As in [Ale94] , run K + cM -MMP onX. We get the following diagram (Sarkisov link of type I or II) XX where the varietiesX andX have only Q-factorial terminal singularities, ρ(X) = ρ(X) = 2, f is a Mori extremal divisorial contraction,X X is a sequence of log flips, andf is a (not necessarily birational) Mori extremal contraction. In particular, ρ(X) = 1. Let Θ be a Weil divisor onX whose class generates Cl(X)/∼ Q .
If the linear system |kA| is not empty, everywhere below we denote by S k ∈ |kA| a general member. In all what follows, for a divisor (or a linear system) D on X, letD andD denote strict birational transforms of D onX andX, respectively.
We can write
where
is nef outside of a finite number of curves onX. The same holds for −KX .
Lemma ([Pro10, 4.2])
. Let P ∈ X be a point of index r > 1. Assume that M ∼ −mK X near P , where 0 < m < r. Then c ≤ 1/m.
2.5.
Assume thatf is not birational. ThenX is either a smooth rational curve or a del Pezzo surface with at worst Du Val singularities and ρ(X) = 1 [MP08] . We also havef (Ē) =X. If moreover Cl(X) is torsion free, then X ≃ P 1 , P 2 , P(1 2 , 2), P(1, 2, 3), or DP 5 is a Du Val del Pezzo surface of degree 5 with ρ = 1 (see Proposition 2.8). The following obvious computation will be used frequently throughout the paper.
2.6. Assume that the contractionf is birational. ThenX is a Q-Fano threefold. In this case, denote byF thef -exceptional divisor,F ⊂X its proper transform, F := f (F ), andq := qQ(X). For a divisorD onX, we putD :=f * D . WriteŜ k ∼ Q s k Θ andÊ ∼ Q eΘ, where s k and e are nonnegative integers. One can see thatĒ =F . Thus e > 0. Clearly, s k = 0 if and only ifS k =F . In particular, s k > 0 if S k is moveable. Similar to (2.4.4) we write (2.6.1)
where b, δ, γ k are non-negative rational numbers, and b > 0.
2.6.2. Lemma. Iff is birational and α < 1, then g(X) ≤ g(X).
Proof. Let H := | − K X |. Similar to (2.4.4) we can write Pro10, 4.12] ). Assume that Cl(X) is torsion free and the mapf is birational. Write F ∼ dA. Then Cl(X) ≃ Z ⊕ Z n , where d = ne. If additionally s 1 = 0 (i.e.,S 1 isf -exceptional ), then Cl(X) is torsion free and e = 1.
Lemma ([Kaw05]
). Let X ∋ P be a threefold terminal point of index r > 1 with basket B(X, P ) (see [Rei87] ) and let f : (X ⊃ E) → (X ∋ P ) be a divisorial Mori extraction, where E is the exceptional divisor and f (E) = P . Write KX = f * K X + αE. (i) If X ∋ P is a point of type other than cA/r and r > 2, then α = 1/r. (ii) If X ∋ P is of type cA/r and B(X, P ) consists of n points of index r, then α = a/r, where n ≡ 0 mod a.
Proof. The assertion (i) immediately follows by [Kaw05, Theorems 1.2 and 1.3]. Assume that X ∋ P is of type cA/r and α > 1/r. Again according to [Kaw05, Theorems 1.2 and 1.3] the point P ∈ X can be identified with
so that f is the weighted blowup with weights (r 1 /r, r 2 /r, a/r, 1), where • a ≡ br 1 mod r, and r 1 + r 2 ≡ 0 mod ra, • (a − br 1 )/r is coprime to r 1 , • φ has weighted order (r 1 + r 2 )/r with weights (a/r, 1),
• the monomial x (r 1 +r 2 )/a 3 appears in φ with a nonzero coefficient. Then α = a/r. In our case x n 4 appears in φ with a nonzero coefficient. Hence, (r 1 + r 2 )/r = n and so n ≡ 0 mod a.
2.8. Proposition. Let Z be a del Pezzo surface of degree 5 with only Du Val singularities. The following are equivalent:
for some Weil divisor L. Moreover, such Z is unique up to isomorphism and isomorphic to a hypersurface of degree 6 in P(1, 2, 3, 5).
Proof. Almost all assertions are well-known (see e.g. [Fu86, §3] ). It is easy to see that a general hypersurface Z 6 ⊂ P(1, 2, 3, 5) satisfies the above property (iv). Since Z is unique up to isomorphism, it should be isomorphic to Z 6 .
The del Pezzo surface Z as above we denote by DP 5 and let Θ be a generator of Cl(Z). Then dim |tΘ| = t − 1 for t = 1, . . . , 4 and dim |tΘ| = t for t = 5 and 6.
(ii) Let Z = P(1, 2, 3) and let Θ be the positive generator of Cl(Z). Then dim |tΘ| = t − 1 for t = 1, . . . , 5, and dim |6Θ| = 6.
Proof. Follows by the orbifold Riemann-Roch formula [Rei87, Theorem 9.1] and Kawamata-Viehweg vanishing.
The following fact is a consequence of computer search (see 2.2), degree bound −K 3 X ≤ 125/2 [Pro07] , and [Pro10, Th. 1.4]. 2.9. Proposition. Let X be a Q-Fano threefold with qQ(X) = qW(X) and let A ∈ Cl(X) be such that
3. Case qQ(X) = 9
Let X be a Q-Fano threefold with qQ(X) = 9 and g(X) > 4. By [Pro10, Proposition 3.6] we have B(X) = (2, 4, 5) and Cl(X) ≃ Z. Further, dim |kA| = 0, 1, 2, 4, 6 for k = 1, 2, 3, 4, 5, respectively. Thus there are irreducible divisors S k ∈ |kA| for k = 1, 2, 3, 4, 5.
First we prove the following.
3.1. Proposition. The pair (X, |4A|) is canonical.
Proof. Put M := |4A| and assume that (X, M ) is not canonical. Apply construction (2.4.2). In (2.4.4) we have 0 < a 0 = β 4 − α. Hence,
Further, for some a i ∈ Z we can write (3.1.1)
Proof. Assume that f (E) is either a Gorenstein point or curve. Then α and β k are integers, so a 2 ≥ 4. Iff is not birational, then restricting (3.1.1) to its general fiber V we get a contradiction (otherwise −K V is divisible by some integer ≥ a 2 ). Hence, the contractionf is birational. From the second relation of (3.1.1) we haveq = s 1 + 4s 2 + a 2 e ≥ 8. Then by [Pro10, Th. 1.4] S 2 ∼ Q Θ (because dim |Ŝ 2 | ≥ 1), so s 2 ≥ 2. Therefore,q ≥ 13 (see (1.1.1)). Using [Pro10, Prop. 3 .6] we get successively s 2 ≥ 3,q ≥ 17, s 2 ≥ 5, and q > 19, a contradiction.
3.1.4. From now on we assume that f (E) is a point of index r > 1, where r = 2, 4, or 5. By Lemma 2.7 we have α = 1/r.
3.1.5. Claim.X is not a surface.
Proof. Assume thatX is a surface. Restricting (3.1.1) to a general fiber f −1 (pt) ≃ P 1 we see that the divisorsS 1 andS 2 aref -vertical andS 1 ∼f * Θ. Since dim |S 1 | = 0,X is either P(1, 2, 3) or DP A 4 5 (see 2.5). Moreover, since a 4 > 0,S k is alsof -vertical for k = 4 or 5. ThenS k ∼ kS 1 ∼ kf * Θ. In this case, 2k − 4 = dim |S k | = dim |kΘ|. We get a contradiction by Lemma 2.8.1.
3.1.6. Claim.X is not a curve.
Proof. Assume thatX ≃ P 1 . Then by (3.1.1) divisorsS 1 andS 2 arefvertical,S 4 andS 5 aref -horizontal (becauseS 4 andS 5 are irreducible and dim |S 4 |, dim |S 5 | > 1), andf is generically P 2 -bundle. In this case, 3 = a 1 = 9β 1 − α. Since α = 1/r, we have rβ 1 = (1 + 3r)/9 / ∈ Z, a contradiction.
From now on we assume thatf is birational. Then (3.1.7) 9s 1 + a 1 e = s 1 + 4s 2 + a 2 e = s 4 + s 5 + a 4 e =q.
3.1.8. Claim.q ≤ 8.
Proof. Assume thatq ≥ 9. Then the group Cl(X) is torsion free by Theorem 1.2. Since α = 1/r, we have g(X) ≥ g(X) = 18 by Lemma 2.6.2 andq ≤ 13 (see [Pro10,  Table 3 .6]). Again from [Pro10, Table 3 .6], using inequalities dim |Ŝ 4 | ≥ dim |4A| = 4 and dim |Ŝ 5 | ≥ dim |5A| = 6, one can obtain successfullŷ q ≥ 9 =⇒ s 4 ≥ 4, s 5 ≥ 5 =⇒q ≥ 11 =⇒ s 4 ≥ 5, s 5 ≥ 6 =⇒ =⇒q = 13 =⇒ s 4 ≥ 6, s 5 ≥ 8 =⇒ a 4 < 0, which is a contradiction.
3.1.9. Corollary. s 1 = 0, e = 1, s 2 = 1, a 1 =q, a 2 =q − 4.
3.1.10. Corollary. r = 5 andX ≃ P(1 2 , 2, 3).
Proof. By (3.1.2) we haveq = a 1 = 9β 1 − 1/r, rβ 1 = (qr + 1)/9. Since rβ 1 is an integer, there is only one possibility: r = 5 andq = 7. Hence, s 2 = 1. The group Cl(X) is torsion free by Lemma 2.6.3. Then the second assertion follows by Proposition 2.9 because dim |Θ| ≥ 1.
Now we are in position to finish the proof of Proposition 3.1. Since dim |Ŝ 5 | ≥ 6, s 5 ≥ 3. Similarly s 4 ≥ 3. From (3.1.1) we get a 4 = 1, s 4 = s 5 = 3, i.e.,Ŝ 4 ∼Ŝ 5 ∼ 3Θ. Note also that dim |S 5 | = dim |3Θ| = 6, so |S 5 | = |5A| is the birational pull-back of |3Θ|.
By Corollary 3.1.9S 1 is thef -exceptional divisor and by (2.6.1) we have
Pushing this relation to X we get b = 5 + 7γ 2 ≥ 5. In particular,f (S 1 ) is a smooth point [Kaw96] and so b, δ, and γ k are integers (because KX ,Ê, and S k are Cartier atf (S 1 )). Since Bs |3Θ| is contained in the singular locus of X ≃ P(1 2 , 2, 3), γ 5 = 0. On the other hand,
Hence, 8/3 = b − 7γ 5 /3 = b, a contradiction. Proposition 3.1 is proved completely. 3.3. Theorem (hyperplane section principle, [Rei] , cf. [Mor75] , [San96] ). Let R be a graded integral domain, and let 0 = x 0 ∈ R be a graded element of degree a 0 . LetR := R/(x 0 ).
(i) Letx 1 , . . . ,x k be homogeneous elements that generateR, and x 1 , . . . , x k ∈ R any homogeneous elements that map tox 1 , . . . ,x k ∈ R. Then R is generated by x 0 , x 1 , . . . , x k . (ii) Under the assumption of (i), letf 1 , . . . ,f n be homogeneous generators of the ideal of relations holding betweenx 1 , . . . ,x k . Then there exist homogeneous relations f 1 , . . . , f n holding between x 0 , x 1 , . . . , x n in R such that the f i reduces tof i modulo x 0 and f 1 , . . . , f n generate the relation between x 0 , x 1 , . . . , x n .
Case qQ(X) = 6
Using 2.2 one can get the following computation.
4.1. Lemma. Let X be a Q-Fano threefold with qW(X) = qQ(X) = 6 and g(X) > 15. Let −K X = 6A. 4.2. Let X be a Q-Fano threefold with qQ(X) = 6 and g(X) > 15. First we assume that is torsion free. General case will follow by Lemma 4.4 below. In particular, qQ(X) = qW(X). Thus X is described in Lemma 4.1. We will show that the case 1 o does not occur. The case 2 o was considered in [San96] . It can also be treated by the method of §3.
Put M := |A|. Near the point of index 7 we have A ∼ −6K X and M ∼ A ∼ −6K X . By Lemma 2.4.5 we get c ≤ 1/6. So, β 1 ≥ 6α and a 1 = 6β 1 − α ≥ 35α ≥ 5. Therefore, the contractionf is birational andq ≥ 11. Moreover, f (E) ∈ X is a cyclic quotient singularity of index 7 and α = 1/7 by [Kaw96] , Lemma 2.7. Taking Lemma 2.6.2 into account we obtain g(X) ≥ g(X) = 31. This contradicts Theorem 1.2.
4.4. Lemma. Let X be a Q-Fano threefold with qQ(X) = 6. Assume that the torsion part of Cl(X) is non-trivial. Then g(X) ≤ 13. o and 6 o we have X ≃ X 6 ⊂ P(1, 2, 3 2 , 5) and X ≃ X 10 ⊂ P(1, 2, 3, 5, 7), respectively. In all cases, dim |A| ≤ 0 and linear systems |2A| and |3A| have no fixed components. Write (5.2.1)
where a i ∈ Z.
5.3. Cases 1 o and 3 o . Put M := |2A| and let P ∈ X be a (unique) point of index 9 (resp. 11) in the case 1 o (resp. 3 o ). Then M ∼ −mK X near P , where m = 7 (resp. m = 3) in the case 1 o (resp. 3 o ). Hence, c ≤ 1/m (see 2.4.5). Thus β 2 ≥ mα and β 1 ≥ β 2 /2 ≥ mα/2. In particular,
Proof. Assume thatf is a contraction of fiber type. The divisorsS 2 andS 1 aref -vertical by (5.2.1). In particular,S 2 ∼ 2S 1 . Since dim |S 2 | = 2 and S 2 is irreducible,X is not a curve. By 2.5 we haveX ≃ P(1 2 , 2) or DP
5 . This contradicts Lemma 2.8.1.
Proof. Assume that f (E) is either a curve or Gorenstein point. Then all the numbers α and β l are integers. We have a 2 ≥ 11 andq ≥ 4s 2 + a 2 ≥ 15. In this case, |Θ| = ∅ and dim |2Θ| ≤ 0 (see Theorem 1.2). Therefore, s 2 ≥ 3 andq > 19, a contradiction.
5.3.3.
Thus we may assume that the contractionf is birational and f (E) is a point of index r > 1. One can see from Table 5.1 that f (E) is a cyclic quotient singularity. In particular, α = 1/r [Kaw96] . Since α < 1, we have g(X) ≥ g(X) = 23 by Lemma 2.6.2. By Theorem 1.2 and (i) of Theorem 1.3 we also haveq ≤ 8. By (5.2.1) we can write (5.3.4)q = 8s 1 + a 1 e = 4s 2 + a 2 e = 2s 3 + s 2 + a 3 e.
Since a 1 , a 2 ≥ 1, we have s 1 = 0, s 2 = 1, andq ≥ 5. By Lemma 2.6.3 the group Cl(X) is torsion free. By Proposition 2.9X ≃ P(1 3 , 2). Therefore, 1 = a 2 = 4β 2 − 1/r = 3β 2 , β 2 = 1/3, r = 3, and we are in the case 1 o . This contradicts β 2 ≥ mα = 7/3.
Case 2
o . Put M := |3A| and let P ∈ X be a (unique) point of index 11. Then M ∼ −10K X near P . Then c ≤ 1/10 (see 2.4.5). Thus β 3 ≥ 10α and β 1 ≥ 10α/3. Further,
5.4.1. Claim. The contractionf is birational.
Proof. Assume thatf is a contraction of fiber type. Since a 1 ≥ 3,X is a curve andf is a generically P 2 -bundle. On the other hand,S 3 isf -vertical by (5.2.1) and because a 3 ≥ 2. Since dim |S 3 | = 3 andS 3 is irreducible, we get a contradiction.
Proof. Assume that f (E) is either a curve or Gorenstein point. Then all the numbers α and β l are integers. We have a 3 ≥ 19α ≥ 19. Thus,q ≥ 2s 3 + a 3 > 19, a contradiction.
5.4.3.
Thus we may assume that the contractionf is birational and f (E) ∈ X is a a cyclic quotient singularity of index r = 3, 5 or 11 (see Table 5 .1). In particular, α = 1/r [Kaw96] . Hence, g(X) ≥ g(X) = 23 by Lemma 2.6.2. Consider the equality (5.3.4). By Theorem 1.2 and (i) of Theorem 1.3 we haveq ≤ 8. Note that β 2 ≥ 1/r (because S 2 cannot be Cartier at f (E)). Hence, a 2 = 4β 2 − 1/r > 0. By (5.3.4) we have s 1 = 0, s 2 = 1, andq ≥ 5. By Lemma 2.6.3 the group Cl(X) is torsion free and e = 1. Since s 2 = 1, dim |Θ| ≥ dim |2A| ≥ 1. By Proposition 2.9 we have s 3 ≥ 2, soq ≥ 7. Again applying Proposition 2.9 we getX ≃ P(1 2 , 2, 3). Hence, 7 =q = a 1 = 8β 1 − 1/r and so rβ 1 = (7r + 1)/8. One can see that this number is not integral for r = 3, 5 and 11, a contradiction.
Case 4
o . Take M := |5A|. Near the point of index 7 we have M ∼ −5K X . Then in Lemma 2.4.5 we have m = 5, so β 5 ≥ 5α and β 1 ≥ α. Thus a 1 ≥ 7α.
Proof. Assume that f (E) is either a curve or Gorenstein point. Then α ∈ Z, a 1 ≥ 7. Therefore, the contractionf is birational andq ≥ 8s 1 +7e. If s 1 > 0, thenq ≥ 17, |Θ| = ∅, e ≥ 2, andq > 19, a contradiction. Hence, s 1 = 0. Then by Lemma 2.6.3 the group Cl(X) is torsion free and e = 1. Moreover, q = a 1 = 8β 1 − α = 8α + 7(β 1 − α). Since the last term is non-negative, by (1.1.1) we getq = 7 and α = 1. Similar to (5.2.1) write
Thus a 5 ≥ 4 and s 3 + s 5 ≤q − a 5 ≤ 3. By Proposition 2.9 we havê X ≃ P(1 2 , 2, 3), so dim |3Θ| = 6. This contradicts dim |5A| = 7.
5.5.3. Subcase: r = 7. Then α = 1/7 and A ∼ −K X near f (E). Hence, for l = 1, . . . , 6, we have β l = l/7 + m l , where m l is a non-negative integer. This gives us a 1 = 8β 1 − α = 1 + 8m 1 . Iff is not birational, then restricting (5.2.1) to a general fiber V one can see thatS 1 isf -vertical, a 1 = 1, and
. By (5.5.2) we have a 5 = 1 + m 3 + m 5 , so a 5 = 1 and the divisorsS 3 andS 5 aref -vertical. This contradicts Lemma 2.8.1.
Hence the contractionf is birational. Using (5.2.1) we writê
Since s 2 > 0, we haveq ≥ 9. Since α < 1, we have g(X) ≥ g(X) = 19 by Lemma 2.6.2. From Theorem 1.2 and (i) of Theorem 1.3 we conclude that q = 11 andX ≃ P(1, 2, 3, 5). Further, e = 3 and (5.5.2) gives us 11 =q = s 3 + s 5 + a 5 e = 3 + s 3 + s 5 + 3m 3 + 3m 5 , s 3 + s 5 ≤ 8.
On the other hand, dim |Ŝ 3 | ≥ 2 and dim |Ŝ 5 | ≥ 7, so s 3 ≥ 4 and s 5 ≥ 6, a contradiction.
5.5.4. Subcase: r = 11. Then α = 1/11 and A ∼ −7K X near f (E). Thus β 1 = 7/11+m 1 and β 5 = 2/11+m 5 , where the m i are non-negative integers. Since β 5 ≥ 5α, m 5 ≥ 1. Further, a 1 = 5 + 8m 1 , a 5 = 1 + m 1 + m 5 . Hence, the contractionf is birational and q = 5e + 8(s 1 + m 1 e) = e + s 3 + s 5 + m 3 e + m 5 e.
By (1.1.1) eitherq = 13 orq = 5. Since g(X) ≥ g(X) = 19, we haveq = 5. Thus s 1 = 0, e = 1, Cl(X) is torsion free, and s 3 + s 5 ≤ 3. Therefore, s 3 = 1. By Proposition 2.9X ≃ P(1 3 , 2). In this case, dim |2Θ| = 6. This contradicts s 5 ≤ 2 because dim |5A| = 7.
Case 7
o . Put M := |3A|. Near the point of index 9 we have A ∼ −8K X , M ∼ −6K X . Thus c ≤ 1/6 and β 3 ≥ 6α. We can write (5.6.1) KX +4S 2 +a 2Ē ∼ 0,
Hence the contractionf is birational. In this case, q ≥ 11e + 2s 3 ≥ 13, s 3 ≥ 2,q ≥ 17, e > 1, and q > 19, a contradiction. Therefore, α < 1 and P := f (E) is a point of index r > 1.
5.6.2. Subcase r = 5. Then near P we have −K X ∼ 3A and A ∼ −2K X . Hence, β 2 = 4/5 + m 2 and β 3 = 1/5 + m 3 , where m 3 ≥ 1. We get
Iff is not birational, then it is a generically P 2 -bundle and a 2 = a 3 = 3. In this case,S 3 is a general fiber. On the other hand,S 2 isf -vertical. Hence, mS 2 is also a scheme fiber for some m ∈ Z >0 . This impliesS 3 ∼ mS 2 and S 3 ∼ mS 2 , a contradiction. Therefore, the contractionf is birational. Then q = 4(s 2 + m 2 e) + 3e = 2(s 3 + m 3 e) + s 2 + m 2 e + e ≥ 5, 3(s 2 + m 2 e) = 2(s 3 + m 3 e − e). Write s 2 + m 2 e = 2k, s 3 + m 3 e−e = 3k, where k ∈ Z >0 . Thenq = 8k + 3e ≥ 11 and Cl(X) is torsion free. By Lemma 2.6.3 F ∼ eA, so e > 1,q ≥ 17, s 3 ≥ 5, k ≥ 2, and q > 19, a contradiction.
5.6.3. Subcase r = 3 and α = 1/3. Then near P we have −K X ∼ 2A and A ∼ −2K X . Hence, β 2 = 1/3 + m 2 and β 3 = m 3 , where m 3 ≥ 2. We get a 2 = 1 + 4m 2 , a 3 = 2m 3 + m 2 ≥ 4. Therefore, the contractionf is birational. In this situation, 19 ≥q = 4(s 2 + m 2 e) + e = 2(s 3 + m 3 e) + s 2 + m 2 e ≥ 6, Hence, s 2 + m 2 e ≤ 4. If s 2 + m 2 e, then soq is. In this case,q ≤ 8 and so s 2 + m 2 e = 0. Then e =q ≥ 6 andq = 2(s 3 + m 3 e) > 19, a contradiction. If s 2 + m 2 e = 1, thenq is odd, e =q − 4 ≥ 3,q = 2(s 3 + m 3 e) + 1 ≥ 15, s 3 ≥ 5, andq > 19. Again we get a contradiction.
Finally, assume that s 2 + m 2 e = 3. Thenq ≥ 13 and Cl(X) is torsion free. Since |A| = ∅, we have > 1 by Lemma 2.6.3. Hence,q ≥ 17 and so s 3 ≥ 5,q > 19, a contradiction.
5.6.4. Subcase r = 3 and α = 2/3. Then near P we have −K X ∼ 2A and A ∼ −2K X . Hence, β 2 = 2/3 + m 2 and β 3 = m 3 , where m 3 ≥ 4. We get a 2 = 2 + 4m 2 , a 3 = 2m 3 + m 2 ≥ 8. Therefore, the contractionf is birational. Then 19 ≥q = 4(s 2 + m 2 e) + 2e = 2(s 3 + m 3 e) + s 2 + m 2 e ≥ 6.
Henceq is even andq ≥ 10. This contradicts (1.1.1).
5.6.5. Subcase r = 9. Then β 2 = 7/9 + m 2 , β 3 = 6/9 + m 3 , a 2 = 3 + 4m 2 , a 3 = 2 + 2m 3 + m 2 . Iff is not birational, then it is a generically P 2 -bundle, a 2 = 3, m 2 = 0, m 3 = 0, a 3 = 2,S 3 is a general fiber, andS 2 isf -vertical. Hence, OS 3 (a 2Ē ) = OS 3 (a 3Ē ) = OS 3 (−KX), a contradiction.
Therefore,f is not birational and sô q = 4(s 2 + m 2 e) + 3e = 2(s 3 + m 3 e) + s 2 + m 2 e + 2e.
If s 2 + m 2 e ≥ 2, thenq ≥ 11, the group Cl(X) is torsion free, and e ≥ 2 by Lemma 2.6.3. In this case, both s 2 + m 2 e and e are odd ≥ 3. Hence, q > 19, a contradiction. Therefore, s 2 + m 2 e ≤ 1. If s 2 + m 2 e = 0, then q = 3e = 2(s 3 + m 3 e) + 2e,q = 6, e = 2, s 3 = 1, F = S 2 .
By Lemma 2.6.3 the group Cl(X) is torsion free. Using computer search with dim |Θ| ≥ 1 and (iv) of Theorem 1.3 we get X ≃ X 6 ⊂ P(1 2 , 2, 3, 5). Thus we have KX + 4S 2 + 3Ē ∼ 0 and KX + 2S 3 +S 2 + 2Ē ∼ 0. Further, KX + 2S 4 + a 4Ē ∼ 0, where a 4 = 2β 4 − α, β 4 = 5/9 + m 4 , and a 4 = 1 + 2m 4 . We getq = 6 = 2s 4 + 2em 4 + e = 2s 4 + 4m 4 + 2, s 4 = 2. Comparing dimensions of linear systems we see that |Θ| is the birational transform of |3A| and |2Θ| is the birational transform of |4A|. Write
Since F ∼ 2A, we have b = 5 + 6γ 3 ≥ 5 and b = 2 + 3γ 4 . Hence, Q :=f (F ) is a Gorenstein point. Assume that γ 3 = 0. LetŜ ′ 3 ∈ |Θ| be a (unique) divisor passing through Q. ThenŜ ′ 3 =Ê (because e > 1) and
We get γ 3 > 0 and γ 4 = 1 + 2γ 3 > 0. Therefore, Q ∈ Bs |Θ| ∩ Bs |2Θ| and so Q is the point of index 5, a contradiction.
If s 2 + m 2 e = 1, thenq = 4 + 3e = 2(s 3 + m 3 e) + 2e + 1. If furthermore e ≥ 2, then s 2 = 1,q = 19,q = 13, e = 3, s 3 + m 3 e = 3, and s 3 = 3. Moreover, the linear system |3Θ| is the birational transform of |3A|. On the other hand, by Lemma 2.6.3 the map X X contracts a divisor F ∼ 3A, a contradiction. Therefore,q = 7, e = 1, and s 3 + m 3 = 2. Since |A| = ∅, by Lemma 2.6.3 we have Cl(X) ≃ Z ⊕ Z n , where n > 1. If s 2 = 1, thenÊ ∼ QŜ2 . In this situation, by [Pro10, Th. 1.4]X ≃ P(1 2 , 2, 3) and Cl(X) ≃ Z, a contradiction. Therefore, s 2 = 0, i.e., S 2 = F . By Lemma 6.1 we have qQ(X) = qW(X). Since dim | − KX | ≥ 11 and Cl(X) ≃ Z ⊕ Z n , using computer search and (iii) of Theorem 1.3 we get only one possibility: B(X) = (2, 2, 3, 12), A 3 = 1/12. In this case, n = 2 or 4 [Pro10, Prop. 2.9], so there is anétale in codimension two cover π :
′ is a Fano threefold with terminal singularities, qW(X ′ ) = qQ(X ′ ) = 7, and B(X ′ ) = (3, 3, 6) or (3, 3, 3, 3, 3). In particular, the Gorenstein index of X ′ is strictly smaller than its Fano index. According to [San96] there is only one such a Fano threefold whose Gorenstein index equals to 6: P(1, 1, 2, 3). Then X ′ does not have any point of index 6, a contradiction. For B(X ′ ) = (3, 3, 3, 3, 3) we have two possibilities: X ′ 6 ⊂ P(1 2 , 2, 3 2 ) and X ′ 4 ⊂ P(1 3 , 2, 3) in both cases qW(X ′ ) = 4. Again this is a contradiction.
Case 5
o . We show that in this case X is a hypersurface of degree 6 in P(1, 2, 3 2 , 5). Similar to 3.2 it is sufficient to prove the following.
5.7.1. Lemma. Let X be a Q-Fano threefold with qW(X) = 8 and B(X) = (3, 3, 5). Then the pair (X, |3A|) is canonical.
Proof. Put M := |3A| and assume that (X, M ) is not canonical. Then
α, and so
Proof. Assume that f (E) is either a curve or Gorenstein point. Then as in (5.7.2) we have a 1 ≥ 5β 1 + β 3 − α ≥ 5β 1 + 1 ≥ 6 and a 3 ≥ β 3 + β 2 + 1 ≥ 3. Therefore, the contractionf is birational and q = 2s 3 + s 2 + a 3 e = 8s 1 + a 1 e ≥ 6.
Ifq ≥ 9, then Cl(X) ≃ Z by Theorem 1.2 and using [Pro10, Table 3 .6] we obtain successively s 3 ≥ 4,q ≥ 13, s 3 ≥ 5,q ≥ 17, s 3 > 7, andq > 19, a contradiction. Therefore,q ≤ 8. In this case, s 1 = 0, and Cl(X) ≃ Z by Lemma 2.6.3. By Proposition 2.9 we have dim |Θ| < 3, so s 3 > 1 and q ≥ 8. Therefore,q = 8, s 3 ≤ 2, and s 2 = 1. This contradicts Proposition 2.9. Thus f (E) is a point of index r = 3 or 5. Then α < 1 by Lemma 2.7. Since g(X) ≥ g(X) = 17, we haveq ≤ 13. Iff is not birational, thenX ≃ P 1 and the divisorsS 1 ,S 2 ,S 3 aref -vertical. This contradicts dim |S 3 | = 3. Therefore, the contractionf is birational.
We havê
Since a 1 > 3, the contractionf is birational. We havê q = 8s 1 + 5e + 8m 1 e = 4s 2 + e + 4m 2 e = 2s 3 + s 2 + m 2 e + 2m 3 e.
We have either s 1 = 0 orq ≥ 13. In both cases Cl(X) ≃ Z (see Lemma 2.6.3). Further,q ≥ 5 and s 3 ≥ 2 by Proposition 2.9. Hence,q ≥ 7. If e > 1, thenq ≥ 11, s 2 ≥ 2, s 3 ≥ 4, andq ≥ 14, a contradiction. Hence, e = 1 andq ≡ 5 mod 8. This is possible only ifq = 13. Then
This contradicts dim |4Θ| ≤ 2.
Finally we consider the case where α ≥ 2/3. Then P := f (E) is a point of index 3 with basket (3, 3). By Lemma 2.7 we have α = 2/3. Further, A ∼ −2K X and 3A ∼ 0 near f (E). So, β 1 = 4/3 + m 1 , where m 1 is a non-negative integer, and a 1 = 10 + 8m 1 > 3. Hence, the morphismf is birational. In this case, 13 ≥q = 10e + 8s 1 + 8m 1 e.
The only possibility isq = 10. This contradicts (1.1.1).
Case 6
o . We will show that in this case X ≃ X 10 ⊂ P(1, 2, 3, 5, 7). Put M := |2A|. Near the point of index 7 we have A ∼ −K X and M ∼ −2K X . Thus c ≤ 1/2, β 2 ≥ 2α, β 1 ≥ α, and (5.8.1)
If α ≥ 1, then a 1 , a 2 ≥ 7,f is birational, andq ≥ 4s 2 + 7α ≥ 11. Hence, s 2 ≥ 2,q ≥ 17, s 2 ≥ 5, andq > 19, a contradiction. Thus α < 1. Therefore, f (E) is a point of index r = 3 or 7, and α = 1/r. 5.8.2. Subcase r = 3. Then β 2 = 1/3 + m 2 , where m 2 ≥ 1. By (5.8.1) we have a 2 = 1 + 4m 2 . Hence the contractionf is birational. Then q = e + 4(s 2 + m 2 e).
Since s 2 > 0, we haveq ≥ 9 and so Cl(X) ≃ Z. We get successively s 2 ≥ 2, q ≥ 13, s 2 ≥ 3,q ≥ 17, s 2 ≥ 5, andq > 19, a contradiction.
5.8.3. Subcase r = 7. Then, as above, β k = k/7 + m k for k = 1, . . . , 6, so a 1 = 1 + 8m 1 . Iff is not birational, thenS 1 isf -vertical. Restricting (5.2.1) to a general fiber V we get −K V ∼Ē| V and a 1 = 1. Then using relations similar to (5.2.1) we get that in this situationS k isf -vertical for k = 1, . . . , 6. Since dim |S 3 | = 2,X is not a curve. Since dim |S 1 | = 0,X is either P(1, 2, 3) of DP
5 . On the other hand, dim |S 6 | = 7. This contradicts Lemma 2.8.
Hence,q ≥ 9 and s 2 ≥ 2. Ifq ≥ 13, then s 2 ≥ 3,q ≥ 17, s 2 ≥ 5, and q > 19, a contradiction. Thusq ≤ 11 and so s 1 + m 1 e = 1,q = e + 8, s 2 + m 2 e = 2, s 2 = 2, m 2 = 0.
Assume that s 1 = 0, i.e.,F =S 1 . Then e = m 1 = 1 by Lemma 2.6.3. So,q = 9, andX ≃ X 6 ⊂ P(1, 2, 3, 4, 5) by Theorem 1.3, (i). Recall that c = α/β 2 = 1/2. By our construction (2.4.2) the pair (X,
2M
) is canonical, whereM ⊂ |2Θ|. On the other hand, near the pointP 5 ∈X of index 5 we haveM ∼ −3KX. By Lemma 2.4.5 we have ct(X,M ) ≤ 1/3, a contradiction.
Therefore, s 1 = 1. Then e > 1. Soq = 11, e = 3, andX ≃ P(1, 2, 3, 5) by [Pro10] . Similar to (5.2.1) we get s k = k for k = 1, . . . , 6. Since dim |kΘ| = dim |kA|, the linear system |kΘ| is the birational transform of |kA| for k = 1, . . . , 6. Write
where KX + 11 kŜ k ≡ 0. Note that F ∼ 3A by Lemma 2.6.3. Pushing (5.8.4) down to X we get
SinceX = P(1, 2, 3, 5) has only cyclic quotient singularities,f (F ) is either a curve or a smooth point [Kaw96] . On the other hand, |6Θ| is base point free outside of the point of index 5. Therefore, γ 6 = 0, b = 1, and C :=f (F ) is a curve. Recall thatÊ ∈ |O P(1,2,3,5) (3)| and soÊ ≃ P(1, 2, 5). Since C is contained into the smooth locus ofX [Kaw96] , the curve C is cut out on Ê by a divisorŜ ∈ |O P(1,2,3,5) (l)|, where l is divisible by 10. On the other hand,Ē ≃Ê is covered by a family of curves L λ ∈ |O P(1,2,5) (2)| and
Hence, l = 10. Further, the restriction −KX|Ē = O P(1,2,5) (1) is ample. Note that
Since the only base point of |Ŝ 6 | = |6Θ| is the point of index 5, the divisor −KX is ample. Therefore, the mapX X is a composition of flips with respect to K (or an isomorphism). On the other hand,X andX have the same collections of non-Gorenstein singularities:
(1, 1, 1),
(1, 1, 2), and whereŜ 1 ≃ P(2, 3, 5),h is the blowup ofP , and h is the contraction of the proper transform of the curveŜ 1 ∩Ê given by x 3 = 0. This shows that the surface S 1 is unique up to isomorphism. On the other hand, taking X = X 10 ⊂ P(1, 2, 3, 5, 7) we get the same S 1 . Therefore, for any choice of X of type 6 o the surface S 1 ∈ |A| is isomorphic to a general weighted hypersurface of degree 10 in P(2, 3, 5, 7). Then by Theorem 3.3 we conclude that X ≃ X 10 ⊂ P(1, 2, 3, 5, 7). 5.9. Lemma. Let X be a Q-Fano threefold with qQ(X) = 8. Assume that the torsion part of Cl(X) is non-trivial. Then g(X) ≤ 8.
Proof. Similar to Lemma 4.4. 6. Case qQ(X) = 7 6.1. Lemma. Let X be a Q-Fano threefold with qQ(X) = 7. Then qW(X) = 7.
Proof. Assume that qQ(X) = qW(X). Then there is a 7-torsion element Ξ ∈ Cl(X) [Pro10, Lemma 3.2 (iv)]. Let B Ξ ⊂ B(X) is the subbasket of points where Ξ is not Cartier. According to [Pro10, Prop. 2.9] B Ξ = (7, 7, 7). Kawamata's condition P ∈B(X) (r P − 1/r P ) < 24 gives us that B(X) \ B Ξ = ∅, (2), (2, 2), or (3). The element Ξ defines a cyclicétale in codimension two cover π : X ′ → X of degree 7 such that X ′ is a Fano threefold with terminal singularities and qQ(X ′ ) is divisible by 7. On the other hand, X ′ is Gorenstein at points π −1 (B Ξ ). Hence the Gorenstein index of X ′ is at most 3. This contradicts [San96] .
6.2. Lemma. Let X be a Q-Fano threefold with qQ(X) = 7 and let −K X = 7A. Assume either g(X) > 17 or g(X) = 17 and A 3 = 1/10. Then the group Cl(X) is torsion free and we have one of the following cases: 6.3. Now let X be a Q-Fano threefold with qQ(X) = 7. Assume either g(X) > 20 or g(X) = 17 and A 3 = 1/10. By Lemma 6.1 qQ(X) = qW(X). Thus X is described in Lemma 6.2 and Cl(X) is torsion free. The case 1 o was considered in [San96] and [Pro10] . We will show that cases 2 o -6 o do not occur and in the case 7 o we have X ≃ X 6 ⊂ P(1, 2 2 , 3, 5). Write
where a 1 , a 2 are some integers.
6.4. First we consider cases 2 o -6 o . Put M := |2A|. Let P ∈ X be a point of index r ′ > 0, where we take r ′ as follows: Here m is an integer such that 0 ≤ m < r ′ and M ∼ −mK X near P . Then c ≤ 1/m (see 2.4.5), so β 2 ≥ mα and β 1 ≥ β 2 /2 ≥ mα/2. We have (6.4.2) a 1 = 7β 1 − α,
In particular,
6.4.4. Claim. We have α < 1/3. Moreover, f (E) is a cyclic quotient singularity of index r > 3 and α = 1/r.
Proof. If α ≥ 1/3, then a 2 ≥ 7. In this case, the contractionf is birational andq ≥ 3s 2 + 7. So,q ≥ 11. Since dim |Θ| ≤ 0, we get successively s 2 ≥ 2, q ≥ 13, s 2 ≥ 3,q ≥ 17, s 2 ≥ 5, andq > 19, a contradiction. Therefore, α < 1/3. From Table 6 .2 we infer that f (E) ∈ X is a cyclic quotient singularity of index r > 3 and α = 1/r [Kaw96] .
6.4.5. Claim. If the morphismf is not birational, then it is a generically P 2 -bundle. Moreover,S 2 is a general fiber,S 2 ∼ 2S 1 , and OS 2 (Ē) = OS 2 (S 3 ) = O P 2 (1). This is possible only in cases 4 o -6 o .
Proof. Assume thatf is not birational. Since a 1 , a 2 > 0, the divisorsS 1 andS 2 aref -vertical. Since dim |S 1 | = 0,X is either P 1 , P(1, 2, 3) or DP A 4 5 . By Lemma 2.8.1 the divisorS 2 isf -horizontal. Similar to (6.3.1) write
Hence, a 3 = 1 andf is a generically P 2 -bundle. SinceS 2 is irreducible, dim |S 2 | ≤ 1. The rest is obvious.
6.4.6. Claim. Assume that X is of type 2 o , 3 o or 4 o . Then the morphism f is birational, X is of type 4 o , and r = 6 or 8. Moreover,X ≃ P(1, 2, 3, 5), P(1 2 , 2, 3) or X 6 ⊂ P(1 2 , 2, 3, 5).
Proof. Iff is not birational, then we are in the case 4 o and a 1 , a 2 ≤ 3. Hence, a 1 = a 2 = 3 by (6.4.3). By (6.4.2) we have α ≤ 3/20, so r = 8 and α = 1/8. Then β 1 = mα + m 1 = 7/8 + m 1 , where m 1 is a nonnegative integer (cf. 5.5.3). Again by (6.4.2) we obtain a 1 = 6 + 7m 1 ≥ 6, a contradiction.
Therefore, the contractionf is birational. In this case, q = 7s 1 + a 1 e = s 1 + 3s 2 + a 2 e ≥ 6.
By Lemma 2.6.2 g(X) ≥ g(X) ≥ 21. Hence, by Theorem 1.2 and (i)-(ii) of Theorem 1.3, we have either 6 ≤q ≤ 7 orq = 11 (andX ≃ P(1, 2, 3, 5)). Moreover, Cl(X) is torsion free by Lemma 2.3. IfX ≃ P(1, 2, 3, 5), then s 2 ≤ 2 and so dim |2A| ≤ |2Θ| = 1. Hence, we are in the case 4 o .
Assume that 6 ≤q ≤ 7. Then s 2 = 1. Ifq = 7 (resp.q = 6), then X ≃ P(1 2 , 2, 3) (resp.X ≃ X 6 ⊂ P(1 2 , 2, 3, 5)) by Proposition 2.9 (resp. by (iv) of Theorem 1.3). Hence, dim |2A| ≤ dim |Θ| = 1 and we are again in the case 4 o .
Subcase 4
o with r = 6. Then β 1 = 1/6 + m 1 , and β 2 = 2/6 + m 2 , where m i are positive integers. We get q ≥ a 1 = 7β 1 − α = 1 + 7m 1 ≥ 8, a 2 = 1 + β 1 + 3β 2 − α = 2 + m 1 + 3m 2 .
Hence,q = 11,X ≃ P(1, 2, 3, 5) by Claim 6.4.6, and s 2 ≥ 2. Therefore, 11 =q = 2e + s 1 + m 1 e + 3(s 2 + m 2 e) ≥ 2 + m 1 + 3(s 2 + m 2 ) ≥ 12, a contradiction.
o with r = 8. Then β 1 = 7/8 + m 1 and β 2 = 6/8 + m 2 , where m i are non-negative integers. We obtain a 1 = 6 + 7m 1 ≥ 6, a 2 = 3 + m 1 + 3m 2 .
So,q = 6e + 7(s 1 + m 1 e) = 3e + s 1 + m 1 e + 3(s 2 + m 2 e).
Sinceq ∈ {6, 7, 11}, we have s 1 = m 1 = 0,q = 6, and soX ≃ X 6 ⊂ P(1 2 , 2, 3, 5) by Claim 6.4.6. In particular, dim |Θ| = 1, dim |2Θ| = 3, dim |3Θ| = 6, and Cl(X) ≃ Z. Furthermore, e = 1 and s 2 = 1.
By our computationsS 1 is thef -exceptional divisor, a 1 = 6, and a 2 = 3. By (2.6.1)
In particular,f (S 1 ) is a Gorenstein point. Similar to (6.3.1) we can write (6.4.9) KX +S 3 +4S 1 +a 3Ē ∼ 0,
Easy computation as above give us a 3 ≥ 4 and a 4 ≥ 3. Hence, s 3 ≤ 2 and s 4 ≤ 3. On the other hand, comparing Table 6 .2, 4 o and Table 4 .1, 2 o we see s 3 = 2, a 3 = 4, s 4 = 3, and a 4 = 3. Moreover, dim |3A| = dim |2Θ| and dim |4A| = dim |3Θ|. Therefore, |2Θ| (resp. |3Θ|) is the birational transform of |3A| (resp. |4A|). Again using (2.6.1) we get 5 ≤ b = 3γ 3 + 2 = 2γ 4 + 1 =⇒ γ 3 , γ 4 > 0.
This means thatf (S 1 ) is contained into Bs |2Θ| and Bs |3Θ|. The only point satisfying these conditions is the point of index 5, a contradiction.
Subcase 5
o with r = 5. Then β 1 = 3/5 + m 1 and β 2 = 1/5 + m 2 , where m i are non-negative integers and m 2 ≥ 2. Further,
This implies thatf is birational and q = e + s 1 + m 1 e + 3(s 2 + m 2 e) ≥ 10.
Hence,q ≥ 11. In this case, Cl(X) ≃ Z and dim |Θ| ≤ 0, so s 2 ≥ 2,q ≥ 13, s 2 ≥ 3,q ≥ 17, s 2 ≥ 5, andq > 19, a contradiction.
o with r = 9. Then β 1 = 4/9 + m 1 , and β 2 = 8/9 + m 2 , where m i are non-negative integers. Further,
Iff is birational, then q = 3e + 7(s 1 + m 1 e) = 3e + s 1 + m 1 e + 3(s 2 + m 2 e).
Then 2(s 1 + m 1 e) = s 2 + m 2 e > 0. Sinceq = 10, we haveq ≥ 13. In this case, 19 ≥ g(X) ≥ g(X) = 20 by Lemma 2.6.2, a contradiction.
Finally assume thatf is not birational. Then we are in the situation of Claim 6.4.5. Similar to (6.3.1) write
Hence, a 4 = 2,S 4 isf -horizontal, andS 4 ∼Ē + 4S 1 . Moreover, OS 1 (S 3 ) = OS 1 (Ē) = O P 2 (1). From the exact sequence
we get dim H 0 (OX(S 4 −S 2 )) ≥ 7 − 3 = 4. Therefore, dim |2A| = dim |S 4 − S 2 | ≥ 3, a contradiction.
Subcase 6
o with r = 4. Then β 1 = 3/4 + m 1 , and β 2 = 1/2 + m 2 , where m i are non-negative integers and m 2 ≥ 1. Further,
This immediately implies thatf is birational and q = 5e + 7(s 1 + m 1 e) = 2e + s 1 + m 1 e + 3(s 2 + m 2 e) ≥ 8.
If s 1 + m 1 e > 0, thenq ≥ 17, |Θ| = ∅, e > 1,q = 17, e = 2, s 1 + 2m 1 = 1, and s 1 = 1, a contradiction. Hence, s 1 = m 1 = 0 andq = 5e. This contradicts Theorem 1.2 (v).
o with r = 10. Then β 1 = 3/10 + m 1 , β 2 = 6/10 + m 2 , and β 3 = 9/10 + m 2 , where m i are non-negative integers. Further, in (6.3.1) and (6.4.9) we have a 1 = 2 + 7m 1 , a 2 = 2 + m 1 + 3m 2 , a 3 = 2 + m 1 + 2m 3 , m i ∈ Z ≥0 . Assume thatf is not birational. Then a 1 = a 2 = a 3 = 2, andS 1 ,S 2 , S 3 aref -vertical. HenceX is not a curve. This contradicts Lemma 2.8.1. Therefore, the contractionf is birational. Then q − 2e = 7(s 1 + m 1 e) = s 1 + m 1 e + 3(s 2 + m 2 e) = s 1 + m 1 e + 2(s 3 + m 3 e) ≥ 3.
If s 1 + m 1 e = 0, then s 2 + m 2 e = 0. This is impossible because dim |Ŝ 2 | > 0. Sinceq ≤ 19 andq = 16, we have s 1 + m 1 e = 1 andq = 7 + 2e ≥ 9. In this case, Cl(X) ≃ Z. Further, s 3 + m 3 e = 3. On the other hand, since dim |3Θ| ≤ 2, we have s 3 ≥ 4, a contradiction.
Case 7
o . We show that in this case X is a hypersurface of degree 6 in P(1, 2 2 , 3, 5). Similar to 3.2 it is sufficient to prove the following.
6.5.1. Lemma. Let X be a Fano threefold with qW(X) = 7 and B(X) = (2, 2, 2, 5). Then the pair (X, |2A|) is canonical.
Proof. Put M := |2A| and assume that (X, M ) is not canonical. In (2.4.4) we have 0 < a 0 = β 2 − α. Hence, β 2 > α and
Iff is not birational, thenS 1 andS 2 aref -vertical. Since dim |S 2 | = 2, X is not a curve. Since dim |S 1 | = 0,X is either P(1, 2, 3) or DP
5 . We have a contradiction by Lemma 2.8.1 because dim |S 2 | = 2. Therefore, the contractionf is birational. We can writê q = 7s 1 + a 1 e = s 1 + 3s 2 + a 2 e.
Assume that β 2 ≥ 2. Then β 1 ≥ 1 2 β 2 ≥ 1, a 2 ≥ 6, andq ≥ 9. In this case, Cl(X) ≃ Z, dim |2Θ| ≤ 1, s 2 ≥ 3,q ≥ 17, s 2 ≥ 7, andq ≥ 28, a contradiction. Therefore, α < β 2 < 2. If f (E) is either a Gorenstein point or curve, then α, β 2 ∈ Z, and so α ≤ 0. Again we get a contradiction. Thus f (E) is a point of index r = 2 or 5.
6.5.3. Subcase r = 2. Then β 2 ∈ Z, so β 2 = 1 and α = 1/2. Since A ∼ −K X near f (E), we have β 1 = 1/2 + m 1 , where m 1 is a non-negative integer. As above we have a 1 = 3 + 7m 1 , a 2 = m 1 + 3, q = 7(s 1 + m 1 e) + 3 = s 1 + m 1 e + 3(s 2 + e) ≥ 6. The only possibility is s 1 + m 1 e = 2,q = 17, s 2 + e = 5. But then dim |6Θ| = 1, so s 2 ≥ 7, a contradiction. This gives uŝ q = 4e + 7(s 1 + m 1 e) = e + s 1 + m 1 e + 3(s 2 + m 2 e) ≥ 7.
Hence,q = 8 or 11. Ifq = 8, then s 1 = m 1 = 0 and e = 2. On the other hand, e = 1 by Lemma 2.6.3, a contradiction. Therefore,q = 11, e = 1, s 1 + m 1 = 1, s 2 + m 2 = 3, and s 2 ≤ 2. On the other hand, dim |2Θ| < dim |2A|, a contradiction.
7. Case qW(X) = 5 7.1. Lemma. Let X be a Q-Fano threefold with qW(X) = qQ(X) = 5. Let −K X = 5A. Assume that g(X) ≥ 19. Then the group Cl(X) is torsion free and we have one of the following cases: 7.2. Let X be a Q-Fano threefold with qQ(X) = 5. Assume that g(X) ≥ 21. We also assume that qQ(X) = qW(X). The case qQ(X) = qW(X) is excluded by Lemma 7.10 below. Thus X is described in Here m is an integer such that 0 ≤ m < r ′ and M ∼ −mK X near P . Then c ≤ 1/m (see 2.4.5) and so β 1 ≥ mα.
For some a i ∈ Z we can write (7.2.1)
o . By (7.2.2) we have a 1 ≥ 3. Assume that the contractionf is birational. Sinceq > a 1 ≥ 24α, we have α < 1. Hence, g(X) ≥ g(X) ≥ 23. On the other hand,q ≥ 5s 1 + a 1 ≥ 9. This contradicts Theorems 1.2 and 1.3 (i)-(ii).
Thusf is not birational. Then 3 ≥ a 1 ≥ 24α. This is possible only in the case 6 o and then a 1 = 3,f is a generically P 2 -bundle andS 1 isf -vertical. ThusS 1 ≃ P 2 is a general fiber. Furthermore, α = 1/8. This means that f (E) is the point of index 8 and β 1 = 5/8. Similar to (7.2.1) write
where a 3 = 2β 1 + β 3 − α ≥ 9/8. Since dim |3A| > 3,S 3 isf -horizontal. Hence, a 3 = 2 and OS 1 (S 3 ) = OS 1 (Ē) = O P 2 (1). From the exact sequence
we get dim H 0 (OX(S 3 −S 1 )) ≥ 9 − 3 = 6. Therefore, dim |2A| = dim |S 3 − S 1 | ≥ 5, a contradiction.
Case 5
o . We have β 1 ≥ 5α and a 1 ≥ 14α ≥ 2. Moreover, f (E) ∈ X is a cyclic quotient singularity of index r = 2, 3 or 7. If r = 2, then a 1 ≥ 7. Hence the contractionf is birational andq = 5s 1 + a 1 e ≥ 13, s 1 ≥ 2, a contradiction. If r = 3, then β 1 = 2/3+m 1 and a 1 = 3+5m 1 , where m 1 ≥ 1 because β 1 ≥ 3α. In this situation,f is birational and q = 5s 1 + a 1 e = 5s 1 + 3e + 5m 1 e ≥ 13.
On the other hand, g(X) ≥ 25. This contradicts Theorem 1.2. Therefore, r = 7. Then β 1 = 3/7 + m 1 , β 2 = 6/7 + m 2 , a 1 = 2 + 5m 1 , and a 2 = 2 + m 1 + 2m 2 . Iff is not birational, then a 1 = a 2 = 2 and the divisorsS 1 ,S 2 aref -vertical. Since dim |Θ| = dim |S 1 | = 1,X is either a curve or P(1 2 , 2) (see 2.5). On the other hand, dim |2Θ| = dim |S 2 | = 4, a contradiction. Hence the contractionf is birational. In this case, q = 2e + 5(s 1 + m 1 e) = 2e + s 1 + m 1 e + 2(s 2 + m 2 e), where 0 < s 2 + m 2 e = 2(s 1 + m 1 e). So,q ≥ 7. Since g(X) ≥ g(X) = 25, by Theorem 1.2 and of (i)-(iii) of Theorem 1.3 we haveX ≃ P(1 2 , 2, 3). Therefore, s 2 ≤ 2 and 3 = dim |2Θ| ≥ dim |S 2 | = 4, a contradiction.
Case 7
o . As above we see that f (E) is a non-Gorenstein point. If f (E) is the point of index 9, then β 1 = 2/9 + m 1 and a 1 = 1 + 5m 1 , where m 1 ≥ 1. Hence the contractionf is birational. Thenq = 5s 1 +e+5m 1 e ≥ 11, s 1 ≥ 2, q ≥ 17, s 1 ≥ 5, andq > 19 a contradiction.
Therefore, f (E) is the point of index 7. Then β 1 = 3/7 + m 1 , β 2 = 6/7 + m 2 , a 1 = 2 + 5m 1 , and a 2 = 2 + m 1 + 2m 2 . Iff is not birational, then a 1 = a 2 = 2 and divisorsS 1 ,S 2 aref -vertical. Since dim |S 2 | > 2, the varietyX is not a curve.
7.5.1. Therefore,X ≃ P(1, 1, 2) and the linear system |S 2 | is base point free. In this situation,S 2 is a Hirzebruch surface F n . Let Λ and Σ be its fiber and negative section, respectively.
Thus, 2Ē|S 2 = −KS 2 − 3Λ = 2Σ + (n − 1)Λ. SinceĒ|S 2 is an irreducible section, there is only one possibility:Ē|S 2 = Σ and n = 1. Since dim |Ŝ 4 | > 9, the divisorS 4 isf -horizontal. Similar to (7.2.1) and (7.2.2) we have
Hence, a 4 = 1 andS 4 ∼Ē + 4S 1 . From the exact sequence
7.5.2. Hence the contractionf is birational. Then q = 2e + 5(s 1 + m 1 e) = 2e + s 1 + m 1 e + 2(s 2 + m 2 e), 0 < s 2 + m 2 e = 2(s 1 + m 1 e), andq ≥ 7. If s 1 + m 1 e > 1, then s 1 + m 1 e = 3, q = 2e + 15, e ≥ 2,q ≥ 19, e ≥ 3, and s 1 = 0, a contradiction. Therefore, s 1 + m 1 e = 1, s 2 + m 2 e = 2, s 1 = 1,q = 2e + 5,q = 7, and e = 1. By [Pro10, Th. 1.4 (vi)]X ≃ P(1 2 , 2, 3). Further, s 2 = 2 and dim |2Θ| = dim |S 2 |. Using (2.6.1) write
Pushing this relation down to X we get 2 = b − 7γ 2 /2. Since b ≥ 2, Q :=f (F ) ∈ P(1 2 , 2, 3) is a smooth point [Kaw96] . On the other hand, the base locus of |2Θ| is the point (0 : 0 : 0 : 1) of index 3. Hence, γ 2 = 0 and b = 2. Thusf is the usual blowup of a smooth point [Kaw01] . LetŜ 2 be the subsystem of |2Θ| = |Ŝ 2 | consisting of divisors passing through Q. WriteS 2 ∼f * Ŝ 2 =S 2 +F , whereS 2 is the birational transform. Pushing these relations down to X we get S 2 ∼ S 2 + F . Hence, S 1 ∼ S 2 . On the other hand, dim S 2 = 2, a contradiction.
Therefore, f (E) is the point of index 7. Then β 1 = 3/7 + m 1 , β 2 = 6/7 + m 2 , a 1 = 2 + 5m 1 , and a 2 = 2 + m 1 + 2m 2 . Iff is not birational, then a 1 = a 2 = 2,S 1 ,S 2 aref -vertical. Since dim |S 2 | > 1,X is not a curve. Hence,X ≃ P (1, 1, 2) . Then we get a contradiction as in 7.5.1.
Hence the contractionf is birational. Then q = 2e + 5(s 1 + m 1 e) = 2e + s 1 + m 1 e + 2(s 2 + m 2 e).
This gives us 0 < s 2 + m 2 e = 2(s 1 + m 1 e) andq ≥ 7. If s 1 + m 1 e > 1, then s 1 + m 1 e = 3,q = 2e + 15, e ≥ 2,q ≥ 19, e ≥ 3, andq > 19, a contradiction. Therefore, s 1 + m 1 e = 1, s 2 + m 2 e = 2, s 1 = 1,q = 2e + 5,q = 7, e = 1, andX ≃ P(1 2 , 2, 3). The we get a contradiction as in 7.5.2.
7.7. Case 10 o . Then β 1 ≥ 5α, a 1 = 5β 1 − α ≥ 24α ≥ 2. In particular, this implies that f (E) is a non-Gorenstein point. Assume that f (E) is the point of index 4. Near f (E) we have −K X ∼ A, so β 1 = 1/4 + m 1 , where m 1 ≥ 1. Hence, a 1 = 5β 1 − α = 1 + 5m 1 ≥ 6. This implies thatf is birational, q = 5s 1 + e + 5m 1 e ≥ 11, Cl(X) ≃ Z, s 1 ≥ 2,q ≥ 17, s 1 ≥ 5, andq > 19, a contradiction. Therefore, f (E) is the point of index 12. Then we can argue as in the case 9 o 7.8. Case 8 o . We show that in this case X is a hypersurface of degree 4 in P(1 2 , 2 2 , 3). The following is similar to Proposition 2.8. Proof. Put M := |2A|. As in 3.1 we show that the pair (X, M ) is canonical. Assume the converse. In (2.4.4) we have 0 < a 0 = β 2 − α. Hence, β 2 > α and β 1 > 1 2 α. By (7.2.2) we have
Iff is not birational, thenS 1 andS 2 aref -vertical. Since dim |S 2 | = 4,X is not a curve. Since dim |S 1 | = 1, the surfaceX is either P 2 or P(1 2 , 2). We have a contradiction because dim |S 2 | = 4. Therefore, the contraction f is birational. Writê q = 5s 1 + a 1 e = s 1 + 2s 2 + a 2 e ≥ 7.
If s 1 ≥ 2, thenq ≥ 13 and α ≥ 1 because g(X) ≥ 21. In this situation, we get successively β 1 > 1, a 1 ≥ 4,q ≥ 17, s 1 ≥ 5, andq > 19, a contradiction. Therefore, s 1 = 1. By [Pro10, Th. 1.4 (vi)]X ≃ P(1 2 , 2, 3). Then 3 = dim |2Θ| > dim |2A| = 4. Hence, s 2 ≥ 3 and a 2 = 0, a contradiction.
Cases 11
o . Take M = |2A|. Near the point of index 6 we have M ∼ −4K X . Hence, c ≤ 1/4, β 2 ≥ 4α, and β 1 ≥ 2α. If α ≥ 1, then a 2 ≥ 9α ≥ 9 by (7.2.2). Hence the contractionf is birational andq ≥ 2s 2 + 9 ≥ 11. In this case, s 2 ≥ 4,q ≥ 17, s 2 > 7, andq > 19, a contradiction. Therefore, α < 1 and f (E) is a point of index r = 2, 3, or 6. 7.9.1. Subcase r = 2. Then α = 1/2, β 1 = 1/2 + m 1 , and β 2 = m 2 , where m i ∈ Z, m 1 ≥ 1, m 2 ≥ 2. Hence, a 1 = 2 + 5m 1 ≥ 7 and a 2 = 2m 2 + m 1 . This implies thatf is birational and q = 2e + 5(s 1 + em 1 ) = 2(s 2 + em 2 ) + s 1 + em 1 ≥ 7.
If s 1 + em 1 > 1, thenq ≥ 13 and so s 1 + em 1 is odd. Hence,q ≥ 17, e ≥ 2, q ≥ 19, e ≥ 3, andq > 19, a contradiction. Thus, s 1 + em 1 = 1 and so m 1 = e = 1, s 1 = 0,q = 7, s 2 + em 2 = 3, s 2 = 1, This contradicts [Pro10, Th. 1.4 (vi)]. 7.9.2. Subcase r = 3 and α = 2/3. Then β 1 = 1/3 + m 1 and β 2 = 2/3 + m 2 , where m i ∈ Z, m 1 ≥ 1, and m 2 ≥ 2. Hence, a 1 = 1 + 5m 1 ≥ 6 and a 2 = 1 + 2m 2 + m 1 . This implies thatf is birational and q = e + 5(s 1 + em 1 ) = e + 2(s 2 + em 2 ) + s 1 + em 1 ≥ 7.
By [Pro10, Th. 1.4 (vi)] s 2 ≥ 2, soq ≥ 9, Cl(X) is torsion free, s 2 ≥ 4, q ≥ 17, s 2 > 7, andq > 19, a contradiction. 7.9.3. Subcase r = 3 and α = 1/3. Then β 1 = 2/3 + m 1 and β 2 = 1/3 + m 2 , where m i ∈ Z, m 2 ≥ 1. Hence, a 1 = 3+5m 1 and a 2 = 1+2m 2 +m 1 ≥ 3. Iff is not birational, then it is generically P 2 -bundle and the divisorsS 1 and S 2 aref -vertical. Since dim |S 2 | = 3,S 2 must be reducible, a contradiction. Therefore, the contractionf is birational and q = 3e + 5(s 1 + em 1 ) = e + 2(s 2 + em 2 ) + s 1 + em 1 ≥ 5, e + 2(s 1 + em 1 ) = s 2 + em 2 > em 2 .
It is easy to see from the second relation that s 1 + em 1 = 0. If s 1 + em 1 = 1, then 2 = s 2 + e(m 2 − 1), s 2 ≤ 2,q ≤ 8, e = 1, andq = 8. By Lemma 2.6.2 and Theorem 1.3 (ii) we get a contradiction. Thus s 1 + em 1 > 1. As above we haveq = 11. But then e < 0, a contradiction.
7.9.4. Subcase r = 6. Then α = 1/6, β 1 = 5/6 + m 1 , and β 2 = 4/6 + m 2 , where m i ∈ Z ≥0 . Hence, a 1 = 4 + 5m 1 and a 2 = 2 + 2m 2 + m 1 . This implies thatf is birational and q = 4e + 5(s 1 + em 1 ) = 2e + 2(s 2 + em 2 ) + s 1 + em 1 .
If s 1 + em 1 > 0, thenq ≥ 9, Cl(X) is torsion free, s 2 ≥ 4,q ≥ 11. On the other hand, s 2 ≤ (q − 3)/3 ≤ 8. By Theorem 1.2 we get successivelŷ q ≤ 13, s 2 ≤ 5, s 1 + em 1 = 1,q = 4e + 5, s 2 + em 2 = e + 2, e = 2, m 2 = 0, s 2 = 4,q = 14, a contradiction. Therefore, s 1 = m 1 = 0 and q = 4e = 2e + 2(s 2 + em 2 ). By Lemma 2.6.3 the group Cl(X) is torsion free and e = 1. Hence,q = 4 and s 2 + em 2 = 1. By Proposition 2.9X ≃ P 3 . Using (2.6.1) we write
where KX + 4M ∼ 0. Hence, b = 4γ 2 + 3 and so Q :=f (S 1 ) is a point. SinceM = |O P 3 (1)| is a complete linear system and it is a base point free, we have γ 2 = 0 and b = 3. LetM ′ ⊂ |O P 3 (1)| be the subsystem consisting of divisors passing through Q. Then
where γ Proof. Similar to Lemma 6.1. 8.2. Now let X be a Q-Fano threefold with qQ(X) = 4 and g(X) ≥ 22. We also assume that qQ(X) = qW(X). For the case qQ(X) = qW(X) see Lemma 8.5 below. If B(X) = ∅, then X ≃ P 3 (see, e.g., [IP99] ). Hence, X is described in Lemma 8.1 and Cl(X) is torsion free. We will show that cases 1 o -9 o do not occur. The case 10 o is considered in [San96] . Thus we may assume that B(X) = ∅ and g(X) ≥ 23. Put M := |A|. Let P ∈ X be a point of index r ′ , where we take r ′ as follows:
o r ′ 11 5 5 9 5 13 9 7 11 m 3 4 4 7 4 10 7 2 3
Here m is an integer such that 0 ≤ m < r ′ and M ∼ −mK X near P . Then α/β 1 = c ≤ 1/m (see 2.4.5) and so β 1 ≥ mα. We have
Proof. Assume that f (E) is either a curve or Gorenstein point. Then a 1 ≥ 7, so the contractionf is birational and we get successivelyq ≥ 4s 1 + 7 ≥ 11, s 1 ≥ 2,q ≥ 17, s 1 ≥ 5, andq > 19, a contradiction. Therefore, f (E) is a cyclic quotient singularity of index r > 1 and α = 1/r. We also claim that a 2 > 0. Indeed, otherwise 2β 2 = α = 1/r. On the other hand, β 2 ∈ 1 r Z, a contradiction.
8.3. Assume thatf is not birational. By (8.2.1) the divisorS 1 isf -vertical and the class of the divisorf (S 1 ) is a generator of Cl(X). IfX is a curve, then dim |S 1 | = 1 (cases 6 o and 7 o ). Since dim |S 2 | > 2,S 2 isf -horizontal. Thenf is a generically P 2 -bundle, a 2 = 1, and OS 1 (S 2 ) = OS 1 (Ē) = O P 2 (1). ThusS 1 ≃ P 2 is a general fiber. From the exact sequence
ThusX is a surface. In cases 6 o and 7 o we have a 1 ≥ 3 by (8.2.2). Hence these cases are impossible and so dim |S 1 | = 2. ThenX ≃ P 2 . Since dim |S 2 | > 5,Ŝ 2 isf -horizontal. Thus a 2 = 0, a contradiction.
8.4. Therefore, the contractionf is birational. Then
Hence, Cl(X) is torsion free. Consider the caseq ≥ 6. ThenX ≃ P(1 2 , 2, 3) by (i)-(iv) of Theorem 1.3. Moreover, s 1 = 1 and dim |S 1 | ≤ dim |Θ| = 1. Thus we are in cases 6 o or 7 o . By (8.2.2) we have a 1 ≥ 3, so e = 1. Further, dim |Ŝ 2 | ≥ 6, so s 2 = 3, a 2 = 1, and |S 2 | is the birational transform of |3Θ|. Iff (F ) is a non-Gorenstein point, thenf is a Kawamata blowup [Kaw96] and our link is toric. This contradicts [Pro10, §10] . Thusf (F ) is either a curve or a smooth point. On the other hand, the only base point of the linear system |Ŝ 2 | = |3Θ| is the point of type 1 2
(1, 1, 1). Hence,S 2 =f * Ŝ 2 . Since e = 1 and Cl(X) is torsion free, by Lemma 2.6.3 we have F ∼ A. Using (2.6.1) write
Pushing this relation down to X we get b = −4 + 2 · 7/3 = 2/3 / ∈ Z, a contradiction.
Therefore,q = 5 and s 1 = a 1 = e = 1. Then by (v) of Theorem 1.3 we have eitherX ≃ P(1 3 , 2) or g(X) = 23 (cases 8 o or 9 o ). In the latter case, dim |Θ| ≥ dim |S 1 | = 2, so againX ≃ P(1 3 , 2) by Proposition 2.9. Since a 1 = 1, by (8.2.2) we infer m ≤ 3. Hence, we are in cases 1 o , 8 o or 9 o . As above we have F ∼ A and
Thus b = 1 + 5γ 1 ≥ 1. Since dim |Ŝ 1 | = dim |S 1 |, we have γ 1 = 0 and b = 1. Since P(1 3 , 2) has no Gorenstein singular points, C :=f (F ) is a curve. Clearly, C is contained inÊ, where OX(Ê) = O P (1 3 ,2) (1). By [Kaw96] the curve C does not pass through the singular point of P(1 3 , 2). This implies that C is a Cartier divisor onÊ ≃ P(1 2 , 2) and so C is a complete intersection of membersÊ ∈ |O P(1 3 ,2) (1)| andD ∈ |O P(1 3 ,2) (a)|, a > 0. By (8.2.1) s 2 ≤ 2. On the other hand, dim |Ŝ 2 | ≥ dim |S 2 | = 6. Hence, the case 1 o does not occur, s 2 = 2, and |2Θ| is the birational transform of |2A|. As above, using (2.6.1) we obtain γ 2 = 0 and δ = 1. HenceÊ is the only element of |O P(1 3 ,2) (1)| passing through C and no reduced irreducible members |O P(1 3 ,2) (2)| pass through C. Therefore, a ≥ 3. In this case,Ē is covered by a family of curves having negative intersection number with −KX, a contradiction. 9.2. Now let X be a Q-Fano threefold with qQ(X) = qW(X) = 3 and g(X) ≥ 21. If B(X) = ∅, then X is a smooth quadric in P 4 (see, e.g., [IP99] ). Thus we may assume that B(X) = ∅. Then X is described in Lemma 9.1 and Cl(X) is torsion free. In the case 13 o we have X ≃ X 3 ⊂ P(1 4 , 2) by [San96] . We will show that cases 1 o -12 o do not occur. Write (9.2.1)
In all cases we have dim |A| ≥ 2. Put M := |A|.
9.3. Cases 1 o -10 o . Let P ∈ X be a point of index r ′ , where we take r ′ as follows:
4 7 4 4 4 7 10 5 8 11 m 3 5 3 3 3 5 7 2 3 4 Here m is an integer such that 0 ≤ m < r ′ and M ∼ −mK X near P . Then α/β 1 = c ≤ 1/m (see 2.4.5) and so β 1 ≥ mα. Hence, (9.3.1)
Proof. Iff is not birational, thenS 1 isf -horizontal (because dim |S 1 | ≥ 3). Restricting (9.2.1) to a general fiber we obtain a 1 = 0, a contradiction. Therefore, the contractionf is birational. In this case,q ≥ 3s 1 +a 1 ≥ 4. If f (E) is either a curve or Gorenstein point, then we get successively a 1 ≥ 5,
Thus f (E) is a point of index > 1. By Lemma 2.7 α < 1. Then by Lemma 2.6.2 g(X) ≥ g(X) ≥ 22. Using Theorem 1.2 and (i)-(iv) of Theorem 1.3 we get eitherX ≃ P(1, 2, 3, 5), P(1 2 , 2, 3), orq ≤ 5. IfX ≃ P(1, 2, 3, 5), then dim |3Θ| = 2, s 1 ≥ 4,q ≥ 3s 1 ≥ 13, a contradiction. Thus we may assume that 4 ≤q ≤ 5. Then by Lemmas 7.10 and 8.5 the group Cl(X) is torsion free. IfX is singular, then by Proposition 2.9 we have dim |Θ| ≤ 2, so s 1 ≥ 2 andq ≥ 7, a contradiction. It remains to consider the case wherê X is smooth. Thenq = 4 andX ≃ P 3 . Since |2Θ| = 9 and dim |2A| ≥ 10, we have s 2 ≥ 3. On the other hand, a 2 = β 1 + β 2 − α ≥ (m − 1)α. Hence, a 2 ≥ 1. We get 4 =q ≥ s 1 + s 2 + a 2 ≥ 5. The contradiction proves the lemma.
9.3.3. By the above, s 1 = 2 and a 1 = e = 1. Hence, dim |2Θ| = dim |A| = 3 and the linear system |2Θ| is the proper transform of |A|. By Lemma 2.6.3 F ∼ A. Using (2.6.1) write KX + This contradicts qQ(X) = 3.
o and 12 o . Near the point of index 7 we have −5K X ∼ A. By Lemma 2.4.5 c ≤ 1/5. Hence, β 1 ≥ 5α and a 1 ≥ 14α ≥ 2.
9.4.1. Lemma. f (E) is a point of index 7.
Proof. Assume the converse. If f (E) is either a curve or Gorenstein point, thenq ≥ 3s 1 + 14e ≥ 17. Hence, e = 1. On the other hand, |Θ| = ∅, a contradiction. Therefore f (E) is a point of index r = 2 (resp. r = 5) in the case 11 o (resp. in the case 12 o ). We have a 1 ≥ 3. Iff is not birational, thenX ≃ P 1 andf is a generically P 2 -bundle. Moreover,Ŝ 1 is f -vertical. This contradicts dim |S 1 | = 2. Therefore,f is birational. Then q = 3s 1 + a 1 e ≥ 6. On the other hand, g(X) ≥ 21, soX ≃ P(1, 2, 3, 5), P(1 2 , 2, 3) or X 6 ⊂ P(1 2 , 2, 3, 5) by Theorem 1.2 and (i)-(iv) of Theorem 1.3. Since dim |Ŝ 1 | ≥ dim |A| = 2, we have |Ŝ 1 | = |Θ|, so s 1 ≥ 2,q ≥ 9, and X ≃ P(1, 2, 3, 5). In this case, s 1 ≥ 3 andq ≥ 16, a contradiction. 9.4.2. Thus α = 1/7, β 1 = 5/7 + m 1 , and β 2 = 3/7 + m 2 , where m 1 , m 2 are non-negative integers. Hence, a 1 = 2 + 3m 1 ≥ 2 and a 2 = 1 + m 1 + m 2 ≥ 1. 9.4.3. Iff is not birational, then m 1 = 0, a 1 = 2,S 1 isf -vertical. Since dim |S 1 | = 2,X is not a curve. Thusf is a Q-conic bundle,X ≃ P 2 ,f * |S 1 | is the complete linear system of lines onX ≃ P 2 , and E is a generically section off . In this situation, there is an open subset U ⊂X such that X \ U is finite,f −1 (U) is smooth,f induces a P 1 -bundlef −1 (U) → U, and E ∩f −1 (U) is its section. We may assume thatS 1 ⊂f −1 (U), sof |S 1 :S 1 → f (S 1 ) is a (smooth) P 1 -bundle. Let ℓ be a fiber of the projectionf |S 1 :S 1 → f (S 1 ) and let Σ be its minimal section. Let n := −Σ 2 . Restricting the first relation of (9.2.1) toS 1 we get −KS 1 = (−KX −S 1 )|S 1 = 2S 1 |S 1 + 2Ē|S 1 = 2Ē|S 1 + 2ℓ.
HereĒ|S 1 is an irreducible curve, a section off |S 1 :S 1 →f (S 1 ). On the other hand,
This gives us n = 0, i.e.S 1 ≃ P 1 ×P 1 , andĒ|S 1 ∼ Σ. Further, the divisorS 2 isf -horizontal. Indeed, otherwiseS 2 ∼ 2S 1 and dim |S 2 | = dim |O P 2 (2)| = 5, a contradiction. Since a 2 ≥ 1, the second relation of (9.2.1) can be written as KX +S 1 +S 2 +Ē ∼ 0, soS 2 ∼ 2S 1 +Ē. Clearly,Ē is a fixed component of the linear system |S 2 −S 1 | = |S 1 +Ē| (otherwise dim |S 1 +Ē| > dim |S 1 | = 2 and so dim |S 1 | > 2). Hence, dim |S 2 −S 1 | = dim |S 1 | = 2. From the exact sequence 0 −→ OX(S 2 −S 1 ) −→ OX(S 2 ) −→ OS 1 (S 2 ) −→ 0 we get dim H 0 (OS 1 (S 2 )) ≥ dim H 0 (OX(S 2 )) − dim H 0 (OX(S 2 −S 1 )) ≥ 7.
On the other hand,S 2 |S 1 ∼ (2S 1 +Ē)S 1 ∼ Σ + 2ℓ and so dim H 0 (O P 1 ×P 1 (Σ + 2ℓ)) = 6, a contradiction.
9.4.4. Now letf be birational. Then q = 3s 1 + a 1 e = 2e + 3(s 1 + m 1 e) ≥ 5.
On the other hand, g(X) ≥ 21, so eitherq ≤ 7 orX ≃ P(1, 2, 3, 5) by Theorem 1.2 and (i)-(iv) of Theorem 1.3. By Lemma 2.3 the group Cl(X) is torsion free.
9.4.5. Subcaseq ≤ 7. Then s 1 = 1 and e ≤ 2. In particular,q = 6. By Proposition 2.9 we haveX ≃ P(1 3 , 2). Then e = 1 and a 1 = 2. Since dim |Θ| = dim |A|, the linear system |Θ| is the proper transform of |A|.
As in the case 9.3.3 using (2.6.1) we get b = 2 + 5γ 1 = 5δ − 3 ≥ 2. . We get a contradiction with q = 3.
9.4.6. SubcaseX ≃ P (1, 2, 3, 5) . Then s 1 ≥ 3 and s 2 ≥ 7. From the second relation of (9.2.1) we get 11 =q = s 1 + s 2 + e(1 + m 1 + m 2 ). On the other hand, 9 = dim |7Θ| ≥ dim |S 2 |. Thus dim |2A| = 9. This is possible only in the case 12
o . Moreover, s 1 = 3, s 2 = 7, e = 1, a 1 = 2, and a 2 = 1. Further, dim |3Θ| = dim |A| and |3Θ| is the proper transform of |A|. Similarly, |7Θ| is the proper transform of |2A|. As in the case 9.3.3 using (2.6.1) we get b = 2 3 + 11 3 γ 1 = 1 7 + 11 7 γ 2 ≥ 2 3 .
Hence Q :=f (F ) is either a smooth point or a curve [Kaw96] (otherwisē f (F ) is a point of index r = 2, 3, or 5, γ 1 ∈ 1 r Z and b > 1/r). In this case b is an integer, so γ 1 , γ 2 > 0. This means thatf (F ) ⊂ Bs |3Θ| and f (F ) ⊂ Bs |7Θ|. On the other hand, Bs |7Θ| ∩ Bs |3Θ| is given by {x 1 = x 3 = x 2 x 5 = 0} ⊂ P(1, 2, 3, 5). Thusf (F ) is a point of index 2 or 5, a contradiction.
Finally, as in previous sections, we need the following. 9.5. Lemma. Let X be a Q-Fano threefold with qQ(X) = 3. If qW(X) = qQ(X), then g(X) ≤ 16.
Proof. By [Pro10, Lemma 3.2 (iv)] there is a 3-torsion element Ξ ∈ Cl(X). Let P 1 , . . . , P k ∈ X be all the points where the divisor Ξ is not Cartier and let r 1 , . . . r k be indices of these points. According to [Pro10, Prop. 
